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section nozzle-exit momentum coefficient,
(
~ O~~ ~~~~~~~~~~~~

c~ section lift coefficient, C
~r
+C
~R

c~ ,c~~cZ section lift coefficient derivatives with respect to
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section circulation lift coefficient

cJ~R 
section lift coefficient due to jet reaction

cm section pi tching-moment coefficient, nose-up positive

CD1 induced-drag coefficient

CL wing lift coefficient, CLr+CLR
CLF wing circulation lift coefficient

CLR wing lift coefficient due to jet reaction

Cm wing pitching moment coefficient about wing planform a pex ,
t nose-up positive , CmF+CmR

C~ pressure coefficient, (p-p~)/(p~/2)U~
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P pressure function

r local radius of curvature in jet sheet (see Fig. 2)

R radius of curvature at center of jet sheet (see Fig. 2)

R gas constant . - - 
-

s stretching factor (with appropriate subscript) as V

defined in Eq 14 - -
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normalized wing area, 25/bc,.

t maximum thickness of a wing section
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V Q.
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uniform jet velocity at nozzle (wing trailing edge)

jet Isentropic-expansion velocity corresponding to V

isentropic expansion of jet to free-stream static
pressure

free-stream velocity

x,y,z cartesian coordinate system with positive x extending in
the direction of the free-stream (see Fig. 1)

cartesian coordinate system in the transformed space
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SECTION I

INTRODUCTION

With reference to Fig. 1 , consider the flow about a finite—span pure1 -
jet-flapped wing with partial or full-span blowing 2 of the jet sheets .
The motivation for study of this flow is the possible use of jet flaps
for maneuvering combat aircraft at high subsonic and transonic speeds.
This contrasts with the more conventional application of the jet—flap
supercirculation principle wherein the jet sheets are employed to augment
the lift of a mechanical flap during the takeoff or landing flight phase
of an aircraft. In this latter application , compressibility effects are
of secondary importance . -

On the assumption of small flow perturbations and a restriction to
wings without dihedra l and twist , linear-subsonic and nonlinear-transonic
s imilarity rules are derived herein for the subject flow. In developing
these similarity rules a new jet-sheet compatibility condition , which is

second order relative to the jet-sheet internal flow , is derived . The
new compatibility condition yields a jet-momentum coefficient similarity

V 
parameter differing from the conventional parameter in that it includes
the effect of the jet-supp ly pressure ratio. In application of the
similarity laws , particular attention is given to camber-line effects
which heretofore have been unimportant in applications involving jet-

V 
augmented mechanical flaps .

The nonlinear transonic similarity rules derived herein for jet-
flapped wi ngs are new (to the best of the author ’s knowledge). For
the linear-subsonic case, however , similarity l aws for jet-flapped wings
previously have been presented by Siestrunk (Ref. 1), Levinsky (Ref. 2),
and Elzweig (Ref. 3). Each of these investigators employs a different

1lhat is , a wi ng employing jet sheets alone , unassisted by mechanical
V devices such as flaps or ailerons .

p 2For convenience in discussion , reference t~ a “blown” or “unblown~ wi ng
will connote, respectively, a wing with or without the jet flaps
operating.

_  _ _ _ _ _  _ _-- -— ~~~~~~~~~~~ ~~ -
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scaling law , and only Levinsky considers the finite-span wing; the other
treatments are for two-dimensional flow. The present treatment is more
genera l than the foregoing ones in that it applies to both two- and three-
dimensional wi ngs , allows for the selection of the scaling law most
appropriate to the particular problem under consideration , and includes
a second-order scaling of the jet internal flow that accounts for the
jet-supply pressure ratio. The laws employed herein reduce to those of
the aforementioned i nvestigators upon appropriate selection of the
parameters.

As a consequence of the assumption of small perturbations , appl ication
of the present results obviously is limi ted to small thickness and
camber ratios , small angles of attack , and small jet-deflection angles .

-- — _ _ _
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SECTION II

ANALYSIS

For an untwisted wing wi th camber and thickness , but without

dihedra l , the geometry may be given by

* 
( t )  (K) tr ICr c x

Z~~ = GF (x*, y*; gj , gj , i— , ~, ~ )

where (1)

F ± T f~ (x*, ~*; gj
(t))+ ~~ ~~~~~ y*; gjfr))_ ~ x*

wi th a specified spanwi se blowing distribution given by V

cj = cj (y*j ) 1 (2 )
6 6~ (Y*j ) J

The g
~ 

quantiti es in Eq. 1 are the nondimensional geometric parameters
required to define the specific wing geometry bei ng considered , with

g1
( ag (t), g2

(t), j 1, 2, 3,

~(3)
(K) (K) (K) (K)

g1 =
~ 1 ‘ 1, 2, 3 

~K

For some configurations , some of the g1
~ T~ , g•

(K) parameters may be

identical (e.g., g1
(T)= g1 

(K)~ The parameter o may be selected to be
any one of the parameters Tr~ 

K,.~ cx, O~ or depending upon the type

of problem under consideration .

For definiteness , i t  is of interest to apply the foregoing relations —

to a specific class of wings designated as “trapezoidal .” A “trapezoidal

wi ng” is defined herein as a wing (without dihedra l or twist) for which

the hal f-span planform is a trapezoid wi th the root and tip chords

parallel , the wing-section geometries aff ine to each other at varying
spanwise stations , and the section characteristic dimensions (chord,
thickness, camber height , etc.) vary linearly In the spanwi se direction.

-
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For this class of wings, the functions in Eq. 1 have the form

f = f ( x*, y*; A tan A , X~~, X~ ) (4)

= 
~K~~~~’ 

y*; A tan A , A c~ A )  J
where

g(t) 
= g~

K) A tan A

g~T) ..g (K) = A  I
= XK J (

~)
g1 g1 = o ; i > 3

Explicit forms of the and - functions are not displayed
since they serve no useful purpose here. They are easily derived ,
however, if required .

Deflected ailerons and flaps may be treateq by introducing additional
“camber-like ” functions .

The governing partial differential equation for the perturbation
velocity potential (Ref. 5) is

(6)

where for linear subsonic compressible flow j = 0, and for nonlinear
transonic flow j = 1.

The shock-wave compatibility condition (Ref. 5) is

B 2 (~~~~)2 + + (j~~z)
2 = k (½) (~~~ + Px 2 ) (A~x) 2

where the subscripts x, y, and z denote partial derivatives , and ~
denotes a jump in the modified quantity such that If “1” and “2” denote,
respectively, upstream and downstream conditions relative to the shock

= - 

~‘~2
’ etc.

4

~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~~~~ - - V  —~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ - — .- ~~~~~ - V 
- 

~~~~~~~~~~~



- V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
l~ 

- 
. V V

~
V
~

V —

-
i

AFFDL-TR-76-86

If the lateral-flow velocity perturbations are assumed to be neglible
compared to the vertical and longitudinal ones, the jet-sheet compatibility
condition (see Appendix A) is

a” 
~~z”O 

= 

~ (F
L) i~~~ 

(8) 
1

where

= 1 for (P/p ,,, .~~. 
P/h) (9)

= 1 — (1— 
- for 

~~~~~~ ~~- ~~~~ ~ ~ (10)

For y = 1.4, P/pt = 1.893

The boundary conditions at x = - and y = ± are

(11)

The wing surface boundary condition is

= 
~ 

F (x*, y*; (12)

The jet-sheet boundary condition is

(x*, y*, 0) = (a4’,~z)
0/u (13)

We now i ntroduce the transformations

X = Sx
X , ~~ = °yY, ~ 

= S~~Z , 4’ S4’4)

- 
)~(14) 4

U,,, = B,,, = S
BB,,,, (U k) = Sk (U,,,k) J

Flow similarity is achieved by determining appropriate values of the 
- - -

s-stretching factors as dictated by the governing equations and boundary
conditions.

I
The boundary conditions specified by Eq 11 are obviously preserved

by the transformations of Eq. 14. ~~~.

5 t ~~

_________ ——--~~
- - , —-~~~~~~~~~~~~ -V -~~~~~~
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We consider first the constraints imposed on the stretching factors
by the governing partial differential equation , Eq. 6, and the shock
compatibility condition , Eq. 7. Applying the transformations of Eq. 14
yields the governing differential equation : 

. -

~ ~~+~~ :+~ft~4= i  t k  (15)

and for the shock compatibility condition

~~ 
(
~3x)

~ + ~~ + 
2 

~ (~x1
+$x2)(j~4 )

2 
16)

Cpmparison of Eqs. 6 and 15 for the linear and nonlinear p~~blems and f
Eqs. 7 and 16 for the nonlinear problems yields the followi ng conditions
for flow similarity

L inear

( 17a)
(_•~~]~) = an arbi trary constant 

.

Nonlinear

~~ =~~ 2 _~~ 2 = 4  ~u~x I ~Y Z 
~~~~~ 

(—i;—) (17b)

For the l ine ar case , the freedom In choice of the parametric
combination (susx

3/sks4’
) introduces the option of an additional degree

of freedom In the scaling. This option is a well-known property of
subsonic scaling l aws (see, e.g., Refs . 5 and 6).

V Equations 17a and l7b may be generalized in the followi ng manner

(18)y z 
~/c s~

B

6

~~—-—-~--- ~~~~~~~~~~~~~~~~~~~~~~~ 
V —~—-~-.— ~~ -—--- - ~~~ ~~~~~~~~~~~~~~ 

- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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where

an arbitrary constant (Linear) (19)

— (~J,,~~/u ,,,,k) (Non-linear) (20)

For the l inear  case , the ratio (i/c) is analogous to the ratio (i/A)
employed by Spreiter (Ref. 5). The two ratios3 are related by

(~Ie) (~~
2A/B 2 A).

Equating the first and third terms in Eq. 18 yields ~ = s8s~, from
which it may be determined that

5u8x SUBZ 21= 5B

In the analyses which follow , (s
~

/s
4’

) always appears In one of the
parenthetical combinations shown In Eq. 21. The stretching factors

V and s
4’ 
therefore need not be determined separately and the quantities

(s
~

s
~

/s
4’

) and (s
~

s
~

/s
4’

) may be treated as unknown parameters.

Substituti ng Eq. 21 in Eq. 18 yields , with S~/c2 = s
4’
/s

~
s
~

V 2 2
X 2 2 ~x 8B (22)
ii 

— 5y 5Z — (~ /c )(~ /12)

The relation Eq. 22 defInes three equations relating the stretching
factors. This set of equations may have a variety of forms, depending
upon the algebraic manipulations performed. The forms used herein are

g (~~/cfl)
1’
~
3’. s

~ 
(23)

s
~ 

(~~/ccZ )~
’3 Bx (24)

- (~~/ B ) ~ (c/~
) (25)

3The symbol A Is Spreiter ’s A , not the A used herein

7
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The principal linear dimensions of the original and transformed
wings are related by

SxCr ; = sib; ~r Sztr (26)
9i = s~y1; S’o 8yYo

yielding
= X* ; ~~* = y*; ( c ~)U3~* — (cc~) 113z*

• ~~~~~
. ~ = 

(27)
‘1 ‘I’ ’o ‘0

The transformation relations, Eq. 14, and the similarity condi tions of
Eqs. 17a and 17b also yield

(tan A)/ B,~, = (tan A) / B ,,, (28)

= B0,A (29)

Any one of the parameters ~ s~, or s
~ 

in Eq. 26 may be assigned an
arbitrary value. For unit values of ~~ 5y’ and s~ respectively, Eq. 26
indicates that wings of identical root chord , span, or root thickness
respectively are being compared in the original and transformed spaces.
A comon selection is = 1.0

To achieve manageable results, it is necessary to assume that
= 

.~~~ 
= 

~~~‘ 
and F = F. That is, the analysis Is confined to

V 
famil ies  of wings defined by these constraints. The wing geometry in the
transformed space then becomes

= àF (** , ~~* ; ~~~ gj(~), L~, ~~ (30)

where

F ± ~~~ f~~(2*, ~*; ~~~(.r )
) + .! ~ (~*, ~~*; 

~~~~(K)
)_  ~~~~~ 

(3~)

wi th
= 

~ j  (~~~*)

(32)
6~~= 6 ~ (yj *)

-~~ 8

~~ _______________________________________ V - , - ~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ V . ~~~~~~~~~~ ~~~~~~~~~~~~~~ ~ 
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The equality of the f’s requires that

— gj
(T) ; ~~~~) 

— gj
(K) (33)

where for trapezoidal wings the g
~

’s are defined by Eq 5. The equality
of the F’s, in combination with the equality of the f’s, requires that

V 

T / a  — Tr/O (34 )

— K~~/O (35)

ct /a ct/a (36)

For trapezodial wings , the invariances specified by Eqs . 33 require V

• 

V 

that
A t a n Z = A t a n A

= A~, A — A (38)

It is apparent that the transformations of Eq. 14 are consistent with the
conditions of Eqs. 37 and 38 which are a consequence of restricting the
analysis to a fami ly of wings. Also note that Eq. 37 Is equivalent to the
pair of Eqs. 28 and 29.

The boundary condition on the wing In the transformed space Is given
by

— & -h~ 
F(x * . y * ; ) (39)

V Applyi ng the transformations of Eq. 14 to the boundary condition in the
-

V 
original space yields 

V

Sz 
~~~~~~~~ 

— F(z * , V * ; ) (40)
i~ 3~~z O  su

Equations 39 and 40 are similar if (t-i/o) s,/s~
s
~
). This condition ,

an i nvariant of the transformation, may be written as (ci/o) (~/o). In
applying the similarity laws , the aforementioned invariant Is frequently
employed in the form

— (~~/g)
W (41 )

9
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where the value of w Is arbitrari ly selected to achieve a particular
V desired form for the Invariant parameters In the final formation ,

~f the
similarity rules. Comon choices are (-1) and (2/3) respectively for
subsonic and transonic flows. V

Assumi ng negligible lateral flow, the streamline slopes in the two
spaces are

o — a*/dZ (42)U0,

_ — ._~i._ ~~~~ — 
± 

_____

~ 
s~s~ u,,, ~ U,,, (43)

yielding the result (c2/0) = (c~/O), where, as for Eq. 41, we employ the
form

(~i/~)~ — (c~/o) °
~ (44)

Since the jet sheet is a stream surface, Eq. 44 applies to the jet-sheet
slopes 0js and ~js 

A basic parameter for the jet sheet, however, is the
• slope, O~, at the wing trailing edge. Applying Eq. 44 to and

L 

yields

— (~/o)~&) (45)

where

— — (a + 6
~). 

e
~ 

— — (~ + ~~ (46)

Equation 46 may be written as

0 — — 6  (~~_ + 1),~~~ — — 6 ~ (~— + l )
3 3 6 j

For a = Eq. 36 yIelds

—

The above equations yield

— ~~/6~ (a— iS
3
) (47)

_ _ _  
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When a Is selected to be an optional form for Eq. 45 is, therefore,

— (c~/6~)~ (a — iS j ) (48)

The compatibility condition for the jet sheet in the original space
is given by Eq. 8; in the transformed space it is

V fr ~~~~ 
= ~ (—~f) k~3 (49)

Applying the transformations of Eqs. 14 and 44 to Eq. 8 yields

(1/s~) 1 1 aöj5

I~ (s~ /sus~) ~X ~~~~~ 
Kircj

or

- 
- aO

!(i±) ~~~ —~~(---~~) K c~ic z ’ O  4 s,~ ~
j  ir 1 50

The ratio (s
~
/s
~
) may be obtained from Eq. 24. Substituting in

Eq. 50 yields

U x  
= ~ (czC)l /3~. 1!) K ITCJ (51)

From Eqs. 49 and 51

(~~)~~
3k~~j = (c~)h/3K11.cJ (52)

where, from Eqs. 25, 41, 45, and 48, the ratio (~/c~) required for
Eq. 52 is given by any one of the following equations

I

EquatIons 52 and 53 are the i nvariant conditions for the jet—momentum
coefficient. Note that if a Is selected to be other than or

V 11 -:
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(with & selected correspondingly), Eq. 53 permits three optional choices
for ~i/[2, but if a is selected to be ~ or (with & selected corre-
spondingly) only two options are availabl e for 12/[2.

The relation between the pressure coefficients at corresponding points
in the two spaces is given by

V 

~~~~~~~~~~~~~~ _ L i~.U,,, x SUSX x

or

= (.!L.) C~, (54)

The factor (s
4’
/s

~
s
~
) in Eq. 54 can be written as (s

4’
/suSx)

21’3(s
4’
/susx)

lI3

and appropriately manipulated to give
— 2/3 1/3

s s  [2 C

Substituting Eq 55 in Eq. 54 and indicating the functional dependence of
the pressure coefficient yields

(c /[22)1/3c~ [~*, y*, (C[2)h/3Z*; 1G’ IF]

= (~/~2)1/3~ [~*, ~*, (~~)
1/3

~*; 1c’ ‘F]

where
E y*

1
, y* , A~, 

At, AK (57)

V 

~F 
((tan 11)/80,), B,,,~A , tr/G, KrIO , oil; (ç2/ a) W, ([2/0

3
)

W (C[2) ’13(K~cj )( 58)

V and Kr Is given by Eqs. 9 and 10. The parameter a may be selected as
any one of the parameters t r~ 

K
r~ 

ct, ®,
~
, or depending upon the type of

problem under consideration . The form of the parameter c (and hence ~)is arbitrary for subsonic linear flow, and , In accordance wi th Eq. 20,
is c = LJ0,k (~ = ~i,,,k) for nonlinear transonic flow. The optional choices
for the form of Q (and hence ~) are specified by Eq. 53. The value of w
is arbitrary and depends upon the type of problem under consideration.

12
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Coninon selections for w are (-1) and (2/3) respectively for subsonic
and transonic flow. When a is selected to be O~ or 5~, the underlined
parameter in Eq. 58 is omitted. Additionally, a selection for a that
yields unity for any one of the ratioed parameters in Eq. 58 indicates
a lack of an invariance constraint on that ratio. The invariants and

‘F are separately identified since the ‘G invariants are purely
V geometric at all times , whereas the ‘F quantities may consist of a mixture

of geometric and fluidynamic i nvariants , the exact nature of which
depends upon the specifi c forms selected for a, Q, and c. There is no
unique combination of the similarity parameters appeari ng in Eqs. 56 and
58. The parameters shown may be rearranged to give a wide variety of
combinations by appropriate manipulation of Eqs. 34, 36, 37 and 53
(noting the equivalence of the ratios on the right-hand side of Eq. 53.)
Such a procedure is permissible providing the total number of invariant
parameters remains unchanged in any rearrangement.

The following aerodynamic coefficients are defined

CL = CLr + CLR (59)

bc If
CLr 

= ~~~ jj (c~~ — Cp )dx*dy* (60)

bCr C (61)CLR 
=— -

~~~~
-- cj Gj (~~ ) dy*

—1

CDI =
~

O j CL (62)

V . -‘

(63)

1-
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C —- 1’~r Jf X~ (C~ - Cp )dx*dy * (64 )

CIUR = ~~~ J x*~ cj Oj  (~—)dy* (65)

where (-o~) is an appropriate downwash angle and the small-angle
assumption (sine~=o~) has been employed in the jet-reaction coefficients .

V 

Application of the similarity rules yields the following results

C~ (x*, y*, 0) = ([2 )l/3p (x*, y*, 0; ‘G’ IF) (66) 
V

CL1, = (c~ )1I3L (‘ce IF) (67)

[22 1/3V

. 

CLR 
= (-i---) LR ~

1G’ ~F
) (68)

CL (
[2 2

) 1/3L (
~G’ 1F) (69)

CD1 — (
[2 5

) 1/3~ (Ia , ‘F) (70)

2 14’3
Cm1, = (i—) M 1, 0G’ ~~~ 

(71)

H
= (12

2
)
1/3

M 
~
1G’ ~~ 

(72)

Cm = (‘2 )1/3~4 (‘ce 1F) (73)

where 1G and ‘F are given by Eqs. 57 and 58, respectively, and
L = L 1, + L R a n d M = M r + M R.

14
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Since in the linea r case the form of c mc.y be selected arbi trarily, -

it is of interest to examine the consequences of several choices for this -

parameter. For c = [22 
~ 

= ~2) Eq.56 shows that the pressure coefficients
at affinely related points in the original and transformed spaces are
identical. For c = ~~ Eq. 25 shows that [~ = ~, from which it follows 

V

from Eq. 41 that a = ~ and , from Eq. 45, that O~ = ®~~~. Finally,
equations 34, 35, and 36 show that the thickness ratios , camber ratios , -

and angles of attack are identical in the original and transformed spaces.
For c = U,~,k

, Eqs. 19 and 20 show that the similari ty parameters will be -

identical for both linear and nonlinear flows . This allows theoretical V

solutions of the linear and nonlinear flows to be plotted on the same
set of graphs in terms of the same set of parameters . The two theories 

-

would , of course, yiel d different curves on such plots . The curves for
linear theory would be valid for purely subsonic flows , but may or may
not be valid for transonic flows. The curves for nonlinear transonic
flow would be valid not only for transonic, but for subsonic and
supersonic small-perturbation flows as well. -

When the foregoing similarity rules are applied to two-dimensional
flows, the finite-spa n dependent terms are obviously omitted .
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SECTION III

COMPARISON WITH PREVIOUS ANALYSES V

For the unb i own wing there is no dependence upon c~ and ~~ and the
foregoing results may be shown to reduce to those of various investigators

V by appropriate selection of [2, c, and cY , and , perhaps , some additional
man ipulation of the i nva riants as prev iously noted . The results of
Spreiter (Appendix B, Ref. 5), for example , may be obtained by using

V 

Eqs . 28 and 29 to replace A tan A with t3~ tan A and taking w=1 ,

c~~~
2X and O=T

r for linear flow; and taking ~=l/3 ,

E=KU~,, and a=r r for nonli near flow .

As mentioned previousl y, there are no other similarity analyses (to
the best of this writer ’s knowledge) for nonlinear jet-flapped-wing flow ,

hence comparisons will be limited to linear flow. Comparisons will be

made with the work of Siestrunk (Ref. 1), Lev insky (Ref. 2) and Elzweig

(Ref. 3). Each of these investigators uses a different scaling law .
There are , perhaps , other wor ks, but the foregoing provide sufficient
varie ty for the present purposes . Among the aforement ioned analyses ,
Lev i nsky ’s is the only one applicable to finite-span wings ; the other

• treatments are for two-dimensiona l flow . None of the analyses include

second-order terms in the jet internal flow ; hence , in comparing w i th
the present work , the parameter K~ will be taken as unity .

Siestrunk employs a scaling that ma intains equal angles of attack

and jet defl ection ang les in the original and transformed spaces.

Lev i nsky employs G~thert ’s scal ing (see Ref. 6), wh i ch i s appl icable also
to ax ially sytmietric flow . Elzweig employs a scaling for which the

wing-surface pressure coefficients are equal at affinely related points

i n the orig i nal an d transformed spaces .

The results of Siestrunk are obtained by taking Tr=Kr=O~ 
a—ct ,

[2= 1 , and w=-l . Those of Levinsky are obtained by taking Tr=Kr=O~ 
a=cx ,

€—B,,~, [2—B ~, w=-l . The results of Elzweig are obta ined by taking

Tr=Kr
=O
~ 

o c t, c—B,~,, 
, [2B ,~, and w=

_ l.2 

16
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SECTION IV

COMPARISON WITH EXPERIMENT

As noted previously, for jet-flapped wi ngs there is no experimental
data of appropriate configurational simplicity and of sufficient gener-
ality in parametric variations to permit validation of the nonl i near
rules (to the knowledge of this writer). The data availabl e for
validation of the linear rules is rather sparse and is plagued with
uncertainties regarding wind-tunnel wall corrections. Nevertheless some
limited comparisons are made in this section. The data sources selected
for comparison are: (1) Air Force/Northrop tests (Refs. 8 and 9),
(2) Air Force/Convair/Canadian tests (Refs. 10, 11 , 12 , and 13), and
(3) French 0.N.E.R.A tests (Ref. 14). The first two test series are
for two-dimensional airfoils, whereas the third is for a finite-aspect-
ratio wing employing a sernispan test arrangement.

AIR FORCE/NORTHROP TESTS

These tests (Refs. 8 and 9) were conducted at the Arnold Engineering
Development Center (AEDC) in the 41 wind tunnel which has a 4-x 4-foot
porous-wall test section. The model tested has a modified NACA 64A406
airfoil section, a 10-inch chord , a 20-inch span and was mounted between
two large end plates . Tests were conducted at Mach numbers of 0.70, 0.80,
0.85, 0.90 and 0.95 and at effective jet-flap deflection angles (s i ) of
0, 35, 55, and 88 degrees. Forces and moments were not measured directly,
but were deduced from measured surface pressures. The data presented
in Refs. 8 and 9 was not corrected4 for tunnel or end-plate interference
effects. Therefore, for the present comparisons an approximate
correction is derived in Appendix B of this report.

Since the camber line of the airfoil used in these tests is almost
parabolic, the parabolic camber-line relations of Appendix C are used in
estimating the airfoil aerodynamics. The applicable i ncompressIble lift

4Pr-t vate coimiunication with the test conductor.

17 
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coefficient relation is given by Eq. 5 in Appendix C. Taking c = Bcc,
3
~

[2 = 1 , a = a, and w = -l in Eq. 69 yields , for the subsonic similarity
relation ,

c
~ 

— i— [Kc~.< (B 0,K-ircj) + ac~ (8j~ircj) + 63ct6 
(B 0,K~c3 )] (74 )

The consequences of Eq. 74 are compared with experiment in Fig. 3.
The 35-degree jet-flap deflection case was selected for comparison since
the theory is more strictly applicable to smaller jet-flap angles . The 

V

experimental data shown is for a constant geometrical angle of attack5,
which differs from the actual aerodynamic angle of attack due to
tunnel interference effects. It would have been preferable to present
the experimental results at a constant aerodynamic angle of attack , but
the data of Refs. 8 and 9 for = 350 was too meager6 to permit
construction of the required cross plots . The theoretical results
directly comparable to experiment are shown by the solid sy~nbols. These
results were calculated using the aerodynamic angles of attack obtained by
the method of Appendix B. The corresponding aerodynamic angles of
attack are listed in the table on the figure . Point comparisons are

not shown at supercritical Mach numbers since the tunnel interference
V analysis is not valid in this regime. The theoretical lift-coefficient

variation wi th Mach number at a constant angle of attack is shown by the
solid lines in Fig. 3. The constant angle of attack is the average of
the aerodynamic angles of attack for M,,,=0.7 and 0.8. These limi ted
comparisons show that fairly good agreement is achieved between theory

• and experiment.

The relative importance of the jet-sheet second order effect can be
seen by comparing the dashed-line curve for K =1.0 with the solid line

5The angle of attack here is relative to a chord line through the leading
- 

- and trailing edges of the mean camber line . The angle of attack (say ~)employed in Refs. 8 and 9 is relative to an arbitrary chord line. The
two ang les of attack are related by a = - 0.60.
6The bulk of the data presented was for ôj = 88°, an unacceptably high
va l ue with which to make valid theoretical comparisons .
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curve for the variable Kr shown. In this case the second order effect
is significant. The dashed-dot line In Fig. 3 shows the incremental lift
coefficient due to camber with blowing , (i

~c2)K , where V

f-. {ctK (80,x~cj )_ C
~~K (0)] (75)

Details regarding the calculation of are given in Appendix C. The
incremental blown-camber-line contribution is frequently neglected for the

-: 
reasons noted in Appendix C. For the example of Fig. 3, however,
although (

~
c
~)K 

is small , it is of sufficient magnitude to warrant its
inclusion .

AIR FORCE/CONVAIR/CANADIAN TESTS

These tests (Refs. 10, 11 , 12, and b) were conducted in  the
Canadian National Aeronautical Establishment (NAE) two-dimensional ,
high-Reynolds number, transonlc wi nd tunnel at Ottawa, Ontario. This
tunnel has a 60x60-inch test section , porous upper and lower walls, and
employs sidewall inserts to form a l 5x6O-inch , two-dimensiona l test
section . Several different j et-flapped supercritical-type airfoils were

V tested In the series of tests reported in the cited references . The
airfoil with which comparisons are made herein was designated as an 

V

NAE 001002 airfoil , possessed considerable aft camber , and had a chord
of 15 inches. Forces and moments were measured by sidewall balances wi th
supplementary data taken by a wake survey rake. A tunnel-interference
angle-of-attack correction of the same form as Eq. 1 in Appendix B was
appl ied. The factor k, however, was obtained from drag and axial

4 
momentum considerations rather than in the manner of Appendix B.
Considerable spread in the value of k was found , but a single mean value
of 0.55 per degree was employed in the data reduction.

A comparison of the results given by the subsonic similarity relation
of Eq. 74 with some NAE test data Is given in Fig. 4. Figure 4 shows I:
that rather good agreement is obtained for subcritical Mach numbers.
Note also that the lift—coefficient Increment due to the blown camber
line is significant.

I~~~~~~~~~~~1 
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Some coniiient is appropriate regarding the reference angle of
attack, ~~

‘ , employed in Fig. 4. When the unbiown experimental data used
for Fig. 4 was reduced to zero Mach number by the Prandtl -Glauert
relation , the angle of zero lift was found to occur at a 0.66-degree
angle higher than predicted by thin-airfoil theory. This discrepancy
is assumed to be due to a constant geometric error in the experiments,
which is equivalent to considering the angle of attack to be measured
from a chord line different from that specified .7 In the present case ,

V the angles of attack (in degrees) relative to the specified and apparent
chord lines are related by ~~~

‘ = - 0.66.

The camber-line aerodynamics for Fig. 4 was calculated by the method
of Appendix C for an arbitrary camber-line shape. Note also that the
angles of attack (in degrees) relative to the specified chord line and the
camber--line chord are related by ~ = a - 0.34.

The relative importance of the jet-sheet second order effect can be
seen by comparing the dashed-line curve for Kr = 1.0 with the solid-line
curve for the var iable Kr shown. In this case the second-order effect is
negligible. For a jet-momentum coefficient of a magnitude sufficient
to choke the jet nozzle at a free-stream Mach number less than 0.5, the
second—order effect would be significant.

FRENCH 0.N.E.R.A. TESTS

The French tests (Ref. 14) were conducted on a hal f-span rectangular
wi ng model of aspect ratio 3.4. The airfoil section is an NACA 64A010
airfoil truncated and modified at the 88% chord position yielding a
11.4% thick airfoil. Further details on the model and facility were
not available.

7This assumption is justified by an improved agreement between theory
and experIment 
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In applying the subsonic similarity law , Hartunian ’s theory (Ref. 15)
V for a finite-span jet-flapped wing is employed to obtain the wing

charac ter istics at zero Mach number. On the bas is of Hartunian ’s
rela tions , the lift , induced angle of attack, and induced drag,
respectively, are given by:

- 

oict~ (c j) + 6
J

C
~~ (c

j ) 
V

(CL)~,,..0 
— 

c~ (cj) (76) V

~~ 
tsj

irA + 2cj

(CL)M =0
= rA + cj 

(77)

(CL
2
) 0

(CDI)N~ .o = 

~~~~~~~ 
(CL)~,,..o = nA + 

(78)

Takin g ~~~~~ [2= 1 , a=ct, and w=-1 in Eq. 69 yields the similarity relations

- i ~ C~~~ (B
=K~y C j ) + 

C f~s~ (B,,K~c1
)

L — 

~~ + 

C2~~~ (B ooKr Cj ) (79)

TT~~A + 2~~Kr c j

-

- 
~- (-e’) = (-® j )~ ,,0 CDj  - 

~~~~~~~~~~~~~~~~~~~ 

CL (80)

Determ i na tion of Kr in Eq. 79 requires values for the relative
nozzle height , h

i
/c. and the nozzle-flow coefficient, cn. Since neither

of these quantities was available in the referenced document, guessed
values were employed . For this purpose, the nozzle-flow coefficient
was taken to be uni ty and h

i/c to be 0.008. The value of h
i/c was

selec ted in the follow ing manner . For tests conducted on an MACA 0018
airfoil -In Ref. 14, the average value of h

a/c was 0.0129 (see Fig. 10
-

- 
- 

of Ref. 14). Ratiolng this value according to wing thickness yields

J 
hi/c = 0.008.

21
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A comparison of the lift-coefficient scaling given by Eq. 79 wi th
the experiments of Ref. 14 appears in FIg. 5, where reasonably good
agreement is obtained for a jet-deflection angle of 29°, but poorer
agreement is obtained for ~ =-2°. Apparently the i nfluence of Kr Is
negligible in this case.

II
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SECTION V

CONCLUSIONS
Applying the known principles of scaling, l inear-subsonic and

nonl-fnear—transonic similarity rules have been derived for a finite-
span-jet-flapped wing with partial or full-span blowing . In deriving

the ru les, an attempt was made to keep the presentation as general as
possible in order to display the i nterrelation between the linea r and
nonl inear rules and to allow freedom in adjusting the scaling to
emphasize the parameters and type of scaling most appropriate to a
particular problem under consideration. Although this generalized
approach makes the analysis slightly more difficult to follow , it is
believed to be worthwhile for the additional visibil ity It provides .

The effect of jet-supply pressure ratio was delineated by considering

second-order quantities in the jet-sheet compatibility condition. The
importance of jet-supply pressure ratio depends upon the flight Mach 

V

number at which the jet nozzle (assuming a convergent configurat ion)
chokes. At this time it is not known whether typical flight vehicles
will fall wi thin the parametric spectrum where jet-supply pressure ratio
is an important consideration. In comparisons with three different sets
of wind-tunnel data, jet-supply pressure ratio was found to be of
significant importance for only one set of data considered .

This investigation also disclosed that camber-line effects wi th
blowing assume more importance than heretofore was the case in jet-
augmented mechanical flap applications .

Finally, although reasonably good agreement was obtained for
l imited comparisons with experiment for linear-subsonl. flow , there is

a critical need for well-designed wind-tunnel experiments to validate
both the linear subsonic and nonlinear transonic similarity rules . The
experiments should be planned to elimi nate tunnel interference effects
or should be conducted in a facility where the magnitude of the inter-

~~~~~~~~~~~~~~ ference can be accura te ly predicted In the tests parametric varlal ions
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should be made within ranges consistent with the small perturbation
assumption of the similarity analysis. Parametric variations also
should be specifically tailored to test three-dimensional effects and

V 

the nonl inear transonic rules .

24
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APPENDIX A

SECOND-ORDER JET-SHEET COMPATIBILITY CONDITION
FOR COMPRESSIBLE FLOW

For the jet sheet to be compatible with the external flow, the
jet—sheet internal static pressures at the sheet upper and lower

-V boundaries must be equal to the corresponding static pressures in the
external flow, and the sheet boundaries must be stream surfaces of the
external flow. In deriving the compatibility conditio i , the lateral-
flow velocity perturbations are assumed to be negligible compared to
the vertical and longitudinal ones, thereby permitting the jet-sheet
flow to be treated as two-dimensional in any plane where y = a constant.
A similar approach is employed by Maskel l and Spence in their treatment
(Ref. 16) of a finite-span jet-flapped wing . With reference to Fig. 2,
it is also assumed that the jet-center-line radius of curvature,R, is
large , the jet thickness , h, is very small , and the downward displacement
of the jet is small , such that h/R << 1 and R 1 

- a®~5/~x.

In jet-flap applications the jet-exhaust—nozzle height , h
3
, is

usually rather small due to the geometrical constraints imposed by the
thinness of the airfoil trailing edge. Consequently, for a conver gent
nozzle , choked (critical) flow may occur if the jet—supply pressure is
sufficiently high . Assuming the jet-sheet internal flow is isentropic 1 ,
the jet flow downstream of the nozzle will have a differing character
for subcritical and supercritical nozzle flow conditions . For sub—
critical nozzle flows the magnitude of the nozzle exit pressure will be
essentially governed by the externa l freestream static pressure . For
the limiting case of zero jet thickness in Spence’s incompress ib le flow
analysis (Ref. 17), it is implicit that the static pressure along the
jet center line is equal to the freestream static pressure. As will be
seen subsequently in this appendix , this condition is also approximately

the real fl ow , shock waves are likely to be present. The assumpt ion
of isentropy Is an approximation , strictly valid for supercritical duct-

V supply pressures only slightly exceeding the critical presssurey
25
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true for a first-order compressible flow . If, however , the nozzle flow
is supercritical , the nozzle static pressure is governed by the jet—supply
pressure and may on the average be greater than the freestream static
pressure. In the analytical model ing for this case, therefore, some
provisions must be made for accounting for the longitud inal decay of
the center—line over-pressure within the jet. This can be accomplished i- I .
by a second (or higher) order analysis of the jet-sheet internal flow,
as in this appendix. —

W ith reference to Fig . 2, the internal and external-flow field
horizontal-velocity components are given respectively by L I

Li = U,, + u = U,, + u ’ (A-l), (A-2)

V 

where Li’ << U and u ’ << U,,.

The i rrotationality condition , in natural coordinates (n,s), is given by
Ref. 6 as 

1 (A- 3) I~.
a a n  r

Expanding r along n gives

r R + (ar/an) n + (A4) 
—0

Substituting Eq. A-4 in Eq. A-3, integrating, and applying the condition
at n=0, yields

exp 
— 

1 (5~ ) + ---J (A- 5)

Assuming El- (Br/an)0]<< 1 and (n/R) << 1 , making use of Eq. A-l , and
expanding Eq. A-5 yields to second order in small quantities

= 
~~~~~~ 

+ (fi + Li’0) (n/R) (A-6)

26
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To an order consistent with nonlinear transonic-flow theory, the
pressure in the external stream is given by

p p p U 2 (u’/u,,) (A-7)

The jet-sheet internal pressure to second order is

= - ~~ [
~
‘
~ 

-~~ (~ _~,,2) ~~
2J A-8

A long the center line , Eq. A-8 gives

= — ~~~~~ + ~ (1-$i,,~) o 2] (A- 9)

The interna l pressures at the upper and l ower jet boundaries are given
by substituting Li ’

~ 
and Li ’L respectively in Eq. A— 8, where from Eq. A— 6,

and Li ’~ are given respectively by
= 

~
‘0 + 1 (U,, + Li ’0) (h/R) (A-b )

U’ Q u ’ ,, — .
~~

- (U,, + u’0)(h/R~ (A-l i)

Applying the boundary conditions

= and p~ (A-12)

and employing Eqs. A-8, A-1O and A-Ti yields to second order, the result

— — — ,,~~~~~
2 

(-v) [i + (2~.~,,2) (~_2)] (A-~3)

The variable h(s) may be determined from global continuity . Applicati on
of contInuity between downstream infinity and an arbitrary s-station
yields

h,, -f (;,~,,)(Li,U,,)dfl (A-14)

27
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Employing Eq. 39 of Ref. 4, the density to second order is

L 
1_l~,,2(~~

’÷~~ [1_ (2_Y~~,,2]~~
’
22j. (A-15)

Making use of Eqs. A—2, A-6, and A— l5 in Eq. A-14 yields , to second
order

= [1 — ( 1—M 2) ~~~~~ (A-16)

Substituting Eq. A-l6 in Eq. ,\—l3 yields , to second order

- p9, = ~~~~~~~~ (1+ ) ~~~~~ (A- 17)

Solving Eq. A-9 for (i~/ii~,,) and substituting the result in Eq. A-l7
yields , to second order

- Pu = — c~ ( p u h )  jJ,, (~~~s) (A-b 8)

where

~~0 — p
ClT~~~

l
~~ ~~~~~ Z9’

(A-l9)

an d R has’ been replaced by the approximation R c  _aO~5/~x. The
parame ter C , which varies longitudinall y, is a factor modifying the
usual jet-sheet compatibility condition.

- k It is of interest to examine C in more detail.
IT

If , from Eqs . A-8, A-lO , and A— li , an expression for (~~ + ~~ ~
derived , and in this expression Eqs. A-9, A-16, and A-12 are substituted

L respectively for (Li0/U,,), (h/R), ~~
, and j

~~
, the following result is

obta i ned to second order

= + 

~~~~~ 
(~ _~~~2) (~~~)

2 (A-2 0)

_ 
_ _ _ _  

- 4
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In the vicinity of the jet sheet, let

U~ = U’ + U ’
a (A-2l )

where U ’
s and U

’as are respectively the syniiietrical and antisymmetrical J 
-

parts of the perturbation velocities relative to the ~et center such that

U’
~~ U ’

5 U ’
s ; (u ’as ) = — (u ’as)~ 

(A-22), (A-23)

From Eqs. A— 7 , A-22, and A—23 , it is easily shown that

+ p~) p,, — p,,U,, 2 (U ’5/U,,) (A-24)

Recalling that = p~,, Eqs. A-20 and A—24 yield , to first order

~~~~~~~~~~~~~~~ _ (~n.~) (I’±i) (A-25)y~,j ,,,2 ~ i 2  U,,

The veloc ity u ’~ is a free-stream perturbation velocity at the jet
boundaries due to jet thickness. The important point here is that to
first order ~~(s) is equivalent to the pressure distribution along the
center line of a thin jet of finite thickness exhausting at zero
inclination into a surrounding stream. Consequently, ~0(x) can be
determined independently of the more general curved jet-sheet flow
problem .

For subcritical nozzle flow into a subsonic external stream it is
well known that 

~
=p,, and hence it is reasonable to take ~0(x)=p,, for

this case. For choked nozzle flow i nto an incompressible external
stream , an approxiate solution for ~0(x) could possibly be found. With

then known , Spence ’s (Ref. 17) integral equations could be
appropriately modified and possibly solved . The resulting solutions
could be extended to subsonic linear compressible flow by means of the
similarity relations herein. The solutions so obtained would be
functions of the supply duct pressu~’ -atio (~/p~) in addition to c,~
Note, however , that the present analysis is a small perturbation one,
for which (~0-p,,)/y~p,,M,,

2 << 1 0, from which it follows that C
~ 

-‘
~ 1 0

L 
4
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With this in mi nd , it hardly seems worthwhile to treat C~ as a variable.
Instead , a constant average value <Cr> will be sought such that

<C,~> = 1.0 for 
~/ 

< 
~~
/‘ (A-26)

- - p,, p
~

<C
IT

> # 1.0 for P/~ 
~ 

(A-27)

where

(P/
i 

= (1/2 + y/2 )~ ’~~~ = 1.893 (y = 1.4) (A-28)

To determine <Cr> for the choked-nozzle-flow case, assum e tha t

<
~~

> = 1/2 (
~~j  ÷ ~,,

) IT 1/2 
~~~ 

+ p )  (A 29)

This yields

(p ,,,/p ,,) — 
1

IT 1 — — 2 (A- 30) 
F21M

For subcritical nozzle flow , the flow field across the nozzle is
affected by the external stream, generally is nonuniform , and therefore

• is inappropriate for use as a reference stream . In the previous analyses ,
this is one reason for referencing the local-flow state within the jet
sheet to the jet internal flow at downstream infinity . For choked or
supersonic nozzle flow , the details of the flow across the nozzle are
governed by the upstream conditions in the nozzle duct , and the duct
contours can be designed to give a uniform flow at the nozzle exit.
Henc e, from the standpoint of flow uniformity the nozzle exit flow can be
used as a reference stream . However , for this case, when the nozzle flow
is sonic , the assumption of small perturbations is locally invalid. This ,
then , is a second reason for employing the downstream jet flow as a
reference stream in the previous perturbation analyses . Tentatively,
disregarding the second reason , a perturbation analysis from a choked V

nozzle stream can be employed to yield additional insight regarding
<C

IT
> .

A perturbation analysis parallel i ng tha t performed for II,, wi ll now
be outl i ned for flow perturbations referenced to the nozzle exit.
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For convenience in discussion , the nozzle-exit Mach number is tentatively
assumed to be arbitrary . For the aforementioned analysis , the applicable
equations are of the same form as the Eqs . A-i through A-l9, with the
flow-state variables at downstream infinity within the jet sheet replaced

• by those at the jet-nozzle exit. With these considerations in mind ,
evoking continuity within the jet, and taking the jet exit Mach number
to be unity , the following result may be deduced by analogy with
Eqs. A— l8 and A— l9.

- 

~~U 
= - ( ,,h,,)i~,,(~A) (1+ ~~~~ =~~~~~~6 ) (A-3l)

Making use of Eq. 38 in Ref. 4, it may be shown that to first order —

(—
~~

- )= 1 — —
~~

--
~~

— (A-32) V

U,, P
~

for 
~~~~~~~~ 

<< 1.0 substituting Eq. A-32 in Eq. A-31 yields to
second order the result

- = - C’~ (~,,ü,,h,,) ü,, (
~~~~

) (A-33)

where

— PODC ’
IT 

IT (1 — ) (A-34)

If, as before , a mean value of p0 given by Eq. A-29 is employed , the
mean value of C~ is

‘- C >  1 — 2y~ 
(A-35)

For 

~ (i/p,,) ~ 5 (A-36)

. - it is found that
< C >  <C’

~~~
> (A-37)

- - - -
V -
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where <Cr> and C’~
> differ from each other by less than 3%. In view of

its simpler form, <C’ > will be employed . The second order jet-sheet
compatibility condition then becomes

Cp - C~ ~~~~~ j C 
8

) (A-38)

V where

Kr = 1.0 for (P/p 
~ ~~~~1 P/Pt . -‘ (A-39)K = 1 — -

~~~

— (1 — —~7;-=,
) for ((P/pa) ~ (P/p,,) ~

L 32



- ~~~~~ ~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ 
V

— V

AFFDL -TR- 76-86

APPENDIX B

INTERFERENCE CORRECTION FOR AIR FORCE/NORTHROP TESTS

The small magnitude of the lift-curve slopes for the unbbown-airfoil
data in Refs. 8 and 9 at the sub—c ritical Mach numbers of 0.7 and 0.8
indicates that interference effects were likely present in the tests.
Although there is no i ndependent data available to directly support this
contention, an engineering estimate can be made by transforming the

V slopes to the incompressible-flow regime (M,,~O) by the Prandtl-Glauert
ru l e1 and comparing these wi th a variety of data for approximately
similar airfoils.

Application of the Prandtb —Gbauert rule to the unblown airfoil data
of Figs. A-b and A-2 in Ref. 9 yields i ncompressible-flow lift-curve
slopes of 3.7 and 3.5 per radian respectively. For six percent thick
airfoils of the NACA 6-series type, the low Mach number experimental
lift—cu rve slopes documented in Ref. 19 for eight different airfoils are
6.42, 6.30, 6.25, 6.25, 6.02, 6.02, 5.73, and 6.19 per radian. The
foregoing comparisons support the contention that the data of Refs. 8 and
9 are in error due to interference effects.

The average lift-curve slope for the eight airfoils cited above is
6.15 per radian. For convenience and in view of the uncertainties
involve d, however, the theoretical value of 2r will be employed in the

- 
- analysis which follows .

The interference-induced angle of attack (geometrical angle of
attack , cig~ minus the actual aerodynamic angle of attack , ci) in the
wind tunnel is assumed to be given by

V 

cig a c ~~/k (B-b)

:~-I( 1 1t Is generally conceded (see, e.g., Ref. 18) that the Prandtl -Glauert
correction to the lift-curve slope gives reasonably good results for

k--i subcritical Mach numbers .

H 33 
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where Ic is the interference factor which is to be determined . A similar
correction is appl ied to the data of Refs. 10 through 13, except that k is
determined in a different manner. Differentiating and mani pulating
Eq. B—b yields

= 
dC9~r/dcig

dC~ r/ dcig (B-2)1 — 
dc
~r

/dci

where dctr/dctg is the lift curve slope in the wind tunnel and dc~~/dcz
is the true lift curve slope in free air. Equation B—2 applies to both the
unblown and blown airfoils , s ince C

~r is the circulation lift coefficient.
However, the unbiown airfoil data only is used to obtain k values which
are then applied to the blown airfoil in correlating the similarity rules
with experiment. The lift-curve slope required in Eq. B-2 is obtained

k from
dcsr— 

(—) = B -.1(_)dci ~ 9z 14,,=O (B-3)

where, as previously stated , the incompressible-flow slope is taken to
be 2ir.

From the unblown airfoil data of Figs. A-i and A-2 in Ref. 9, k was
- 

- determined to be 12.38 and 13.41 per radian respectively for free-stream
Mach numbers of 0.7 and 0.8.

V 

‘
1

‘H 1
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APPENDIX C

ANALYSIS OF CAMBERED JET-FLAPPED AIRFOILS

The most common appl ication of the jet-flap principle to date has
been to jet-augmented mechanical flaps for use during the take-off and
landing flight phases. For this appl ication , the lift coefficients
achieved are very high and the relative lift contribution due to camber-
line jet—sheet interaction is negligible. For pure jet-flapped wings at
high speeds, the camber—line contribution , although small , can be a
relatively higher fraction of the total lift and should be taken into
account in some instances. Because of previous emphasis on very high-
lift appl ications , little attention has been given to the anal ysis of
camber-line effects. The sole investigation on the subject appears to be
that of Hough (Ref. 20), who has formulated an analysis for a polynomial
camber li ne , but has provided specific numerical results only for the
parabolic case. There is a need for a prediction capability for
arbitrary camber-line shapes, since the parabolic camber line is not
necessarily the best one for high—speed applications . Supercritical
airfoils, for example , are possible candidates for jet-flap application.
Many of these , such as the NAE 001002 airfoil treated herein , are
typified by considerable aft camber.

V Before pursuing the subject of arbi trary camber further, it Is of
interest to comment on Hough ’s parabolic results . Hough notes that, as

V a consequence of his employment of a 3-control-point calculation
procedure , his results may be in error at low values of the momentum
coefficient. Since at high speeds the momentum coefficient is typically
small and since one of the airfoil s examined in this report has an approxi-

— 

mately parabolic camber line , it was deemed of interest to investigate
the magnitude of the error noted by Hough. Consequently, the derivatives

and acm/aK were recalculated using a 9—control—point calculation.
The resulting curves, along wi th a 3-point calculation , are plotted on
FIg. 6. FIgure 6 shows that the error for the 3-control-point calculation

- 

~
.; increases significantly as the momentum coef fic ient approac hes zero .
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One could further develop the Hough formulation for polynomial
camber lines for possible application to arbitrary camber lines . It
appears , however , that the development would tend to become unwieldly
for higher-degree polynomials, and even these might not adequately
represent some camber lines . Instead, an alternative method is presented
herein. The calculation procedure for this method i nvolves only a
simple quadrature, is easily understood , and is readily performed by
hand .

Applying the principle of superposition , the solution for a jet-
augmented , single—element , mechanical -flapped airfoil given in Ref. 21
can be used to obtain a solution for the segmented airfoil shown in
Fig. 7. The segmented airfoil , in turn , can be considered to be an
approximation to a continuous camber line. On this basis , the lift
coefficient and leading-edge pitching moment coefficient due to camber
for the segmented airfoil of Fig. 7 with S~=O are given respectively 1 by

= — 
~ c~~~ (cj , X~~) (O~ 

— e~...j ) (C-l)

H
H N

(cm) = — ~ c,,,~ (c~, x~) (o~ — e~.i ) (C 2)
n—o

n+1 - nwhere 0~ (C 3)Xn+1~~~Xn -

and xO = Oa fl d O_ 1 .O N = 0  (C-4)

method which avoids the use of camber—line slopes and is more accurate
than Eqs. C-b and C-2 can be obtained by formulating the integrals
resulting fr om taking the l imiting process in Eqs. C-l and C—2 . These
Integrals can be integrated twice by parts yielding Integrals whose
Integrands involve the camber-line ordinate multiplied by an Influence V

function . The influence functions required in this approach were not
V ava i l ab l e  at the time of this investigation , hence Eqs. C-l and C-2 are

employed in the present calculations as a matter of expediency . The
details and influence functions for this second method will be
published In a technical paper at a later date.
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The derivatives c~~ and Cm~ are given in Ref. 21 2. In applying Eqs . C—l
through C-4 , the spacings employed can be adjusted locally according to
whether 0 is varying rapidly or slowly.

A comparison of the results , using Eq. C-b , with a 9-control-point
V calculation for a parabolic camber line is shown in Fig. 6. For the

calculation shown in this figure, the segmented mean line consisted of
straight lines drawn between x stations of 0, 0.05, 0.1, 0.2, 0.3, 0.4 ,
0.5, 0.6, 0.7, 0.8, 0.9, 0.95 and 1.00 on the actual mean line . As can
be seen , the agreement with the more exact ca lcula tion i s exce l lent.

In general , for the incompressible flow about a pure jet-flapped
thin airfoil , the lift and moment coefficients are given respectively
by

-
V 

~~~ 
a c~~

~~~~~~~~~~~~~~~~~~~~~~~ (C -5)

acm aCm
— cm~~~~~~~~+ c i +~~~~~ j (C-6)

where the derivatives with respect to cx and are given in Ref. 21 and
the derivatives with respect to K for a para bol ic camber l ine are gi ven 

—

V

-t in Fig. 6. V

1

~~~~~~~~~

V

V

~

2Additional values were calculated at x= .1 , .2, .3, .4, by a non-
linear interpolation method assuming the variation with ~ to be
similar to the CfO case.
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z

JET SHEETS(a)  THREE VIEW

I

JET SHEET—J~~’ --
~-

(b )S IDE V~EW (ARBITRA~y y)

Figure 1. Illustration of Flow Problem and Notation
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Figure 2. Notation for the Jet Sheet
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Figure 4. Comparison of Theory and Experiment for Air Force/Convairf
- Canadian Tests on an NAE 001002 Airfoil Section (Refs. 10,
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H 1.0 . V
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-

~~~~ 0.4 ~~~~~~~~~~~~~~~~~~~~~~~~~
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H THEORY
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MODIFiED NACA 64A010 AIRFOIL
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FIgure 5. Comparison of Theory and Experiment for French O.N.E .R.A., -
‘Tests on a Finite-Span Wing (Ref. 14); ci = 3 Deg, c. = 0.023,

- 
- A = 3.4, hj/c = 0.0080 (Guess)
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Figure 6. Comparison of Three Different Cal culative Procedures for 
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